We prove some properties of the first eigenvalue for the elliptic system
Introduction
In this paper, we consider the nonlinear system where Ω is a bounded domain in R N , N ≥ 1, p > 1, q > 1, and α, β are real numbers satisfying (H)
Note that the system (1.1) is of two second-order elliptic equations. It is weakly coupled in the sense that interaction is present only in the "source terms," while the differential terms have only one dependent variable. The differential operator involved is the so-called p-Laplacian, that is, ∆ p u = ∇ · (|∇u| p−2 ∇u), which reduces to the ordinary Laplace operator ∆u when p = 2. We mention that problem (1.1) arises in several fields of application. For instance, in the case where p > 2, problem (1.1) appears in the study of non-Newtonian fluids, pseudoplastics for 1 < p < 2, and in reaction-diffusion problems, flows through porous media, nonlinear elasticity, and glaciology for p = 4/3. We can cite [5, 6] , for more details. Here, we define the first eigenvalue λ 1 (p, q) of (1.1) as the least real parameter λ for which both equations of (1.1) have a nontrivial solution (u,v) in the product Sobolev space W Several special cases of problem (1.1) have been considered in literature. For the case of the scalar equation, that is, (1.1) reduces to one equation when p = q and β = α = (p − 2)/2, the simplicity of the first eigenvalue was apparently first proved by Lindqvist, see [10] . The radial case has been studied in [3] by de Thélin when the case of smooth domains was investigated-see, for example, [1] and the references therein.
Other problems have been considered in this direction-we refer to [3, 6, 7] . Concerning systems of the type (1.1), a lot of papers have appeared in recent years dealing with equations involving p-Laplacian both in bounded and unbounded domains. In particular, de Thélin in [4] obtained the existence of the first eigenvalue λ 1 (p, q) by considering more real parameters α, β satisfying the condition (H) and by considering also smooth bounded domains. The study of system (1.1) in the whole R N was continued in [9] , where the authors considered systems of the form
In particular, they gave an extension and generalized the results of [4] to unbounded domains. In both these papers, the first eigenvalue λ 1 (p, q) is proven to be positive and simple. Recently, in [2] , the author showed the simplicity of the first eigenvalue by extending the Saa's inequality to the whole R N . We mention that the stability question is not discussed there.
In this note, we show the uniqueness of the eigenvector corresponding to λ 1 (p, q), that is, λ 1 (p, q) is simple. In other words, positive solutions of (1.1) are unique modulo scaling. Especially, by establishing sufficient conditions and via some modifications of [2] , we prove the simplicity result, see Theorem 3.2. The uniqueness result will be needed in the proof of the stability (continuity) of λ 1 (p, q) with respect to (p, q).
On the other hand, note that the dependence with respect to the rheological exponent was studied both in the scalar p-Laplacian and system of two second-order equations, see, for example, [9, 11] . Our purpose is also to extend these results to our case of system (1.1), see Theorem 4.1. More precisely, we study the stability of the ground state when the exponents p and q vary in the following constrained way:
Generally, the main difficulty lies in the fact that the appropriate Sobolev spaces W 1,p 0 (Ω) and W 1,q 0 (Ω) change with the exponents p and q. Here, to overcome this obstacle, we use a local argument based only on the variational characterization of λ 1 (p, q) and use the fact that the underlying domain Ω in R N has the so-called segment property (a sufficient regularity condition related to the geometry of Ω). Contrary to irregular domains with
becomes possible. An example is given in [11] in the scalar case. The rest of this paper is organized as follows. In Section 2, we establish some definitions, basic properties, and preliminary results. In Section 3, we prove the simplicity of λ 1 , and in the last section, we prove the stability by using the segment property lemma.
Definitions and preliminaries
We define the following functionals on W
where the Sobolev space W
). We will consider both equations of (1.1) in the weak sense.
Definition.
We say that λ ∈ R is an eigenvalue of (1. 
where φ ∈ W 1,p 0 (Ω) and ψ ∈ W 1,q 0 (Ω). The pair (u,v) is called an eigenvector. Observe that the solutions (u,v) of (1.1) correspond to the critical points of the energy functional A on the set
Basic properties.
The system (1.1) possesses a first positive eigenvalue denoted by λ 1 (p, q) (for indicate the dependence with respect to (p, q)) obtained by the LjusternickSchnirelmann theory by minimizing the functional A on the C 1 -manifold defined by (2.3). So, we recall that λ 1 (p, q) can be variationally characterized as
According to advanced regularity result of [12] , every minimizer of (2.4) belongs to C 1 (Ω) × C 1 (Ω). In addition, from the maximum principle of Vázquez, see [12] , we deduce that the corresponding eigenpair of λ 1 (p, q), (u,v) are such that u,v > 0. Hereafter such (u,v) will be called positive eigenvector.
The segment property.
We begin by defining a class of domains for which the boundary is smooth in order to guarantee that This property rules out that Ω lies on both sides on parts of its boundary. It also allows us to push the support of a function in Ω via a translation.
The following results play an important role in the proof of Theorem 3.2 (cf. [10] ).
Simplicity
Before giving the main result of this section, we recall and prove the following lemma introduced in [8] which is needed below. We regive its proof for more convenience. First, we introduce
and if
Proof. By Young's inequality we have, for > 0, By (3.6), we deduce that |∇u| = |(u/φ)∇φ| and from (3.7), it follows that ∇u = η(u/ φ)∇φ, where |η| = 1. Hence Γ p (u,φ) = 0 implies η = 1 and ∇(u/φ) = 0. Therefore, there is c ∈ R such that u = cφ and the lemma follows.
Proof. Let (u,v) and (φ,ψ) be two eigenvectors associated to λ 1 (p, q) with (u,v) positive (i.e., u > 0, v > 0). Thanks to definition of λ 1 (p, q) and Hölder's inequality, we have
Now, by Lemma 3.1, we have
Thus
Again due to Lemma 3.1, there exist k 1 and k 2 in R such that u = k 1 φ and v = k 2 ψ. This ends the proof.
Stability
Theorem 4.1. Let Ω be a bounded domain having the segment property, then the function
is continuous from I α,β into R + .
Proof. Let (t n ) n≥1 , t n = (p n , q n ) be a sequence in I α,β converging to t = (p, q), with t ∈ I α,β . We claim that Fix 0 > 0 small enough so that for all ∈ (0, 0 ), 
(Ω) be the first eigenvector associated to λ 1 
By using Hölder's inequality, with ∈ (0, 0 ), we get simultaneously
According to (4.10), we deduce
(4.12)
Due to (4.5), it follows that (λ 1 (p nk , q nk )) k≥1 is a bounded sequence. Then, from (4.12) we conclude that (
(Ω)). Therefore, by compactness and (4.8), we have u (pn k ,qn k ) u weakly in W 1,p− 0 (Ω), strongly in L p+ (Ω), and a.e in Ω (still denoted by u (pn k ,qn k ) ). We have also v (pn k ,qn k ) → v strongly in L q+ (Ω) and a.e in Ω (for a subsequence if it is necessary). Clearly u ∈ L p (Ω) and v ∈ L q (Ω), and are independent of . On the other hand, the weak lower semicontinuity of the norm implies that 
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